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ULTIMATE ADMISSIBLE DYNAMIC STRAINS

IN CLOSED CYLINDRICAL VESSELS

UDC 539.3Yu. V. Nemirovskii

A problem of determining the ultimate dynamic state of multilayer closed cylindrical vessels in emer-
gency situations, such as explosive loading by high-intensity internal pressure, is considered. Elastic
strains are assumed to be negligibly small as compared to plastic strains; therefore, the problem so-
lution is constructed on the basis of the model of a rigid-plastic material with linear hardening. It is
demonstrated that the solution of the dynamic deformation problem considered reduces to integration
of a system of two ordinary equations for the functions of displacements of the inner surface of the
vessel and of the massive non-deformable cover of the vessel.

Key words: ultimate admissible dynamic state, plasticity, linear hardening, incompressibility,
differential equations, Cauchy problem, model of a rigid-plastic material.

High-pressure closed vessels are widely used in chemical industry, oil refining, microbiology, rocket engi-
neering, aircraft and ship building, and nuclear propulsion. These vessels usually have a cylindrical or spherical
shape and operate in a quasistatic or dynamic mode with high-amplitude pressure oscillations (several thousands
atmospheres) at temperatures of the order of 600–800◦C. As the high-pressure vessel size is increased, the energy of
compressed gases accumulated there drastically increases, which may lead to a catastrophe in emergency situations
such as “explosive loading.” It is next to impossible and cost-inefficient to create protective shelters for significant
reduction of the catastrophe consequences. For this reason, it is important to study the ultimate strain of such
vessels and to increase the safety of using such vessels with allowance for possible occurrence of emergency situa-
tions. The possibility of replacing single-block vessels by multilayer vessels has been studied for a long time. The
use of multilayer structures is promising from the viewpoint of both cost efficiency and operation safety, because it
allows using different materials and localization of defects in the layers, resulting in viscous fracture of structures
without spalling. Quasistatic deformation of multilayer vessels made of elastic and viscoelastic materials and prob-
lems of their rational design in these modes were studied in detail in [1]. A review of investigations of quasistatic
deformation of vessels made of perfectly plastic inhomogeneous materials can be found in [2]. A dynamic problem
for multilayer vessels made of perfectly plastic materials was considered in [3]. Solving this problem, however, does
not allow determining the ultimate admissible strain of a multilayer vessel and the maximum admissible amplitude
of dynamic loading corresponding to the pre-fracture state.

An approach that makes it possible to take better account of the real properties of plastic resistance
of each material and to study the ultimate dynamic state of pre-fracture of multilayer vessels is considered
in the present paper.

Let us consider a multilayer cylindrical vessel with rigidly connected layers and massive non-deformable end
covers under conditions of axisymmetric dynamic loading: p(t) = p0ϕ(t). For certainty, we restrict ourselves to
“explosive-type” loads. For instance, we can assume that

ϕ(t) = e−αt
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(t is the time). We also assume that the problem of heat conduction for the multilayer cylinder is solved indepen-
dently, under the assumption of a constant temperature along the vessel centerline [4]. As plastic strains in the
pre-fracture state are several orders higher than elastic strains, the latter are neglected, and the model of a rigid-
plastic materials with linear hardening in the form of Hencky–Ilyushin relations [5] is used. Taking into account
that the material in the plastic state is incompressible, we obtain the following equality for the ith layer of the
cylinder:

ε1i + ε2i + ε3 = 3εiT . (1)

In this equation, we have

ε1i =
∂ūi

∂r̄
, ε2i =

ūi

r̄
, ε3 =

∂v̄

∂z̄
, εiT =

T̄i∫

T̄0

ᾱi(T̄ )T̄ dT̄ ,

ūi and v̄ are the radial and axial displacements, r̄ and z̄ are the radial and axial coordinates, and T̄i and ᾱi are the
temperature and the temperature coefficient of linear expansion in the ith layer, respectively. Further, we assume
that the temperature does not change much in the course of loading; hence, T̄i = T̄i(r̄) and εiT = εiT (r̄).

We introduce the dimensionless quantities

x =
r̄

r̄0
, ui =

ūi

r̄0
, v =

v̄

L
, z =

z̄

L
, ai =

r̄i

r̄0
.

Then, Eq. (1) takes the form

∂

∂x
(xui) = 3εiT (x) − ε3(t)x, (2)

where

ε1i =
∂ui

∂x
, ε2i =

ui

x
, ε3i = ε3(t) =

∂v

∂z
.

Integrating Eq. (2), we obtain

ui(x, t) =
ai−1

x
wi(t) + ϕi(x) − x2 − a2

i−1

2x
ε3(t), (3)

where

ϕi(x) =
1
x

x∫

ai−1

εiT xdx (i = 1, 2, . . . , n),

and wi(t) is the displacement of the inner boundary of the ith layer.
Using the continuity conditions ui(ai, t) = ui+1(ai, t), we can write equality (3) in the form

ai−1wi(t) = a0w1(t) + biε3(t) + ci,

where

bi =
a2

i−1 − a2
0

2
, ci =

i−1∑
j=0

ajϕj(aj), ϕ0(a0) = 0.

Then, the relations for the strains in the ith layer are

ε2i =
1
x2

(
a0w1(t) − x2 − a2

0

2
ε3(t) + ci + xϕi(x)

)
, ε1i = 3εiT − ε2i − ε3(t),

while the intensity of the strains in the ith layer is

ei =
√

2
3

[
(ε1i − ε2i)2 + (ε2i − ε3)2 + (ε3 − ε1i)2

]1/2

=
√

2
3

[
3εiT (εiT − ε2i − ε3) + (ε2i + ε3)2 − ε2iε3

]1/2

.
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Using the law of deformation of the material in the ith layer, we find (ai−1 � x � ai)

σ2i − σ1i = (2/3)(σ0ie
−1
i + γi)(ε2i − ε1i); (4)

σ3i = σ1i + (2/3)(σ0ie
−1
i + γi)(ε3(t) − ε1i), (5)

where σki (k = 1, 2, 3), σ0i, and γi are the dimensionless stresses, yield stress, and hardening modulus, respectively.
The equation of motion of the material in the ith layer has the form

∂σ1i

∂x
+

σ1i − σ2i

x
= ρiüi, (6)

where the dot indicates the partial derivative with respect to the dimensionless time (τ = t/t0). Substituting
Eqs. (3) and (4) into Eq. (6) and integrating the resultant equation with respect to x from ai−1 to x, we find

σ1i(x, t) = −qi(t) + Φ1i(x, w1, ε3) + Φ2i(x)ẅ1 + Φ3i(x)ε̈3 (i = 1, 2, . . . , n). (7)

Here, we have

Φ1i(x, w1, ε3) =
2
3

x∫

ai−1

σ0ie
−1
i + γi

x
(ε2i − ε1i) dx,

Φ2i(x) = a0ρi ln
x

ai−1
, Φ3i(x) =

ρi

2

x∫

ai−1

x2 + a2
0

x
dx.

Similarly, for the (i + 1)th layer, we obtain

σ1(i+1)(x, t) = −qi+1(t) + Φ1(i+1)(x, w1, ε3) + Φ2(i+1)(x) + Φ3(i+1)(x). (8)

Using the conditions of continuity of the radial stresses σ1i+1(ai, t) = σ1i(ai, t), we find from Eqs. (7) and (8) that

qi+1(t) = −qi(t) + Φ1i(x, w1, ε3) + Φ2i(ai)ẅ1 + Φ3i(ai)ε̈3 (i = 1, 2, . . . , n), (9)

where

qi(t) = q1(t) −
i−1∑
k=1

Φ1k(ak, w1, ε3) −
( i−1∑

k=1

Φ2k(ak)
)
ẅ1 −

( i−1∑
k=1

Φ3k(ak)
)
ε̈3.

Taking into account that q1(t) = −p0ϕ(t) and qn+1(t) = 0, we obtain an equation that relates the functions ε3(t)
and w1(t):

p0ϕ(t) =
( n∑

k=1

Φ2k(ak)
)
ẅ1 +

( n∑
k=1

Φ3k(ak)
)
ε̈3 +

n∑
k=1

Φ1k(ak). (10)

We write the equation of motion of the vessel cover in the dimensionless form as

Mε̈3 = p0ϕ(t) −
n∑

i=1

ai∫

ai−1

σ3ixdx, M =
M̄ l̄t20
πσ0r̄2

0

, (11)

where M̄ is the cover mass, r̄0 and l̄ are the radius of the inner cavity and the half-length of the cylindrical vessel,
and t0 and σ0 are the scaling parameters of time and stresses. Taking into account Eqs. (5) and (9), we can bring
Eq. (11) to the form

A1ẅ1 + A2ε̈3 − Ψ1(ε3, w1) = p0

(
1 − a2

n − a2
0

2

)
ϕ(t), (12)
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where

A1 = −
n∑

i=1

[a2
i − a2

i−1

2

( i−1∑
k=1

Φ2k(ak)
)

+

ai∫

ai−1

Φ2i(x)xdx
]
,

A2 = M −
n∑

i=1

[a2
i − a2

i−1

2

( i−1∑
k=1

Φ3k(ak)
)

+

ai∫

ai−1

Φ3i(x)xdx
]
,

Ψ1(ε3, w1) =
n∑

i=1

[(a2
i − a2

i−1

2

i−1∑
k=1

Φ1k(ak, w1, ε3)
)
− 2

3

ai∫

ai−1

[(σ0ie
−1
i + γi)(ε3 − ε1i)]xdx

]
.

Thus, solving the problem considered reduces to integrating a system of two ordinary differential equations
(10) and (12) with respect to two functions w1(t) and ε3(t). The initial conditions for this system have the form

ẇ1(0) = ε̇3(0) = w1(0) = ε3(0) = 0.

The solution of the problem considered should be sought at amplitudes higher than the ultimate plastic pres-
sure p0

0 for perfectly plastic materials, which is determined by the method described in [3]. At pressure amplitudes
p0 < p0

0, the vessel has an increased safety margin. Therefore, we consider the cases with p0
0 < p0 � p∗.

To find the ultimate admissible upper limit of pressure, we use the area D∗ under the strain diagram up to
the point corresponding to the ultimate stress limit σ∗

p as a criterion of fracture for the material considered. In this
case, using the linear hardening law, we obtain

D∗ = (σ0 + σp)e∗/2.

The equality ei(ai−1, t
∗
i ) = e∗i allows us to determine the time t∗i of fracture occurrence in the ith layer. By requiring

the condition ẇ1(t∗i ) = 0 to be satisfied, we can determine the ultimate admissible amplitude p∗0i. Then, p∗ is found
from the condition

p∗ = min (p∗0i) (i = 1, 2, . . . , n).

Exceeding this value of the pressure amplitude leads to fracture in one of the layers. The structure as a whole is
not destroyed, but reliability of the vessel is drastically deteriorated. The present paper is not aimed at analyzing
the fracture zone evolution; therefore, such an analysis is not conducted here.

This work was performed within the framework of Project No. 15 of the Presidium of the Siberian Division
of the Russian Academy of Sciences (Order No. 10 dated January 15. 2009).

REFERENCES

1. Yu. V. Nemirovskii and M. L. Heinloo, “One-dimensional problem of strength and optimal design of multilayer
spherical and cylindrical vessels or circular disks,” in: Applied Problems of Strength and Plasticity collected
scientific papers) [in Russian], No. 5, Gor’k. Gos. Univ., Gor’kii (1976), pp. 3–14.

2. W. Olszak, J. Rychlewski, and W. Urbanowski, Plasticity under Non-Homogeneous Conditions, New York (1962).
3. Yu. V. Nemirovskii, “Dynamics of plastic multilayer spherical vessels and cylindrical tubes,” Vestn. Yakovlev

Chuvash. Gos. Univ., Ser. Teoriya Predelnogo Ravnovesiya, No. 1, 108–112 (2006).
4. Yu. V. Nemirovskii and A. P. Yankovskii, Thermal Conductivity of Homogeneous and Composite Thin-Walled

Structures [in Russian], Art-Avenyu, Novosibirsk (2008).
5. N. N. Malinin, Applied Theory of Plasticity and Creep [in Russian], Mashinostroenie, Moscow (1968).

607



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


